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Abstract— Achieving a proper time–frequency (TF) resolution
is the key to extract information from seismic data using
TF algorithms and characterize reservoir properties using decom-
posed frequency components. The generalized S-transform (GST)
is one of the most widely used TF algorithms. However, it is
difficult to choose an optimized parameter set for the whole
seismic data set. In this paper, we propose to set the parameters
of the GST adaptively using the instantaneous frequency (IF) of
seismic traces. Our workflow begins with building a relationship
between the parameter set of the GST and IF using a synthetic
wedge model. We use the IF as an indicator for the time
thickness of each trace in the wedge model. We then compute
the TF spectrum of each trace using the GST with different
parameter sets and compare the similarity between the computed
TF spectrum and theory TF spectrum. The parameter set with
the largest similarity is regarded as the best parameter set for
each trace in the wedge model. In this manner, we build a
relationship between the parameter set and IF value. We can
finally choose the optimum parameter set for the GST according
to the IF values of seismic traces. We name the proposed
workflow as the self-adaptive GST (SAGST). To demonstrate
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the validity and effectiveness of the proposed SAGST, we apply
it to synthetic seismic traces and field data. Both synthetic and
real data examples illustrate that the SAGST can obtain a TF
representation with a high TF resolution.

Index Terms— Generalized S-transform (GST), instantaneous
frequency (IF), ST, self-adaptive GST (SAGST), time–frequency
(TF) resolution.

I. INTRODUCTION

T IME-FREQUENCY (TF) analysis transforms a seismic
trace in the time domain into a 2D TF plane, which

evaluates and characterizes the frequency-dependent response
of subsurface rocks and reservoirs [1]. TF analysis methods
can be classified into four categories. The first category is
the linear TF transform. The commonly linear TF transform
algorithms include the Gabor transform (GT) [2], short-time
Fourier transform (STFT) [3]–[5], continuous wavelet trans-
form (CWT) [6], [7], and S-transform (ST) [8]. The linear
TF transform is simple and easy to be implemented but
suffers from Heisenberg’s uncertain principle. The second
category is based on the quadratic TF transforms, such as
the Wigner–Ville distribution (WVD) [9], [10]. The quadratic-
based approaches achieve a high TF resolution. However,
the TF result computed using quadratic methods is inter-
fered by the cross terms and leads to negative influences to
multicomponent signal analysis [11]. The third category is
based on the least-square approaches, such as the matching
pursuit (MP) algorithm [12], [13] and other sparsity-promoting
inversion methods [14]. The least square-based approaches aim
to overcome the window effect of projection methods [15]. The
high computation cost is one of the main shortages of the least
square-based TF decompositions. The last category is the reas-
signment method [16], such as the synchrosqueezing-based
transforms [17], [18]. The reassignment-based methods obtain
an excellent energy concentration but suffer from expensive
calculation time and are sensitive to noise [19].

The ST proposed by Stockwell et al. [8] is regarded as
a hybrid of the STFT and CWT [20]. The ST produces a
frequency-dependent resolution by setting the time window as
a function of frequency [21]. The ST produces a high time
resolution at high frequencies and obtains a high-frequency
resolution at low frequencies. One of the advantages of the
ST is that it computes the TF spectrum using the Fourier
transform. Also, this property makes it very easy to reconstruct
the analyzed signal using the reverse ST. However, there is
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Fig. 1. Window width of the modified window with different parameters set
in (a) time and (b) frequency domain, respectively. The maximum width of
the window has been normalized to 1.

Fig. 2. Workflow of the proposed SAGST.

no parameter to adjust the shape and the width of the time
window to obtain a flexible TF resolution. Various modified
window functions are proposed to optimize the TF resolution
of the ST. Mansinha et al. [22] adjusted the TF resolution of
the ST by dividing the Gaussian time window using a user-
defined scalar. Mcfadden et al. [23] proposed a generalized
ST (GST) to avoid the restrictions on the form of the window
function of the ST using several window functions, such as the
exponential function with amplitude modulation by a cosine
function and the exponential function with phase modula-
tion by a cosine function. Gao et al. [24] proposed a GST
using a modulated harmonic wave with four undetermined

Fig. 3. Noise-free synthetic wedge model. (a) Wedge mode. (b) Synthetic
wedge model. (c) IA. (d) IF. The reflectivity pair of each trace has the same
magnitude with opposite polarity. The wavelet used to generate the synthetic
is a 40-Hz Ricker wavelet with zero phase.

coefficients as the window function and applied it to thin layer
detection and analysis. Pinnegar and Mansinha [25] developed
a GST using a complex window function with a user-designed
complex phase function and applied it to resolving time-
varying waveforms. Chen et al. [26] proposed a modified
Gaussian window with two parameters and applied the GST
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Fig. 4. 9th (blue solid line) and 21st traces (red solid line) of the seismic
seismogram shown in Fig. 2(b).

Fig. 5. Normalized TF spectra of the ninth trace. (a) Theory TF spectrum
and (b) TF spectra calculated using the SAGST, respectively.

to estimate seismic attenuation and improve seismic time
resolution. George et al. [27] proposed a modified ST (MST)
by using a scaling function for the Gaussian window and
applied it to filter time series. Wu and Castagna [28] defined
an unscaled ST (UST) by removing the normalization factor
of the ST and applied the UST to seismic frequency attribute
extraction. Wang and Lu [29] proposed an effective amplitude-
preserving GST and applied it to seismic data attenuation
compensation.

The MST-based methods have more flexibility in the TF
analysis. However, how to select the parameters of the MST is
an unsolved question. In this paper, we propose a self-adaptive
GST (SAGST) method to adjust the TF resolution within
the same seismic volume adaptively. The improved GST in
this paper contains two parameters to control the shape and

Fig. 6. Normalized TF spectra of the 21st trace. (a) Theory TF spectrum
and (b) TF spectra produced using the SAGST, respectively.

Fig. 7. Optimized k (blue star line) and p (red star line) with regard to the
wedge thickness.

width of the modified Gaussian window [26]. We optimize the
TF resolution by flexibly selecting the two parameters of the
modified Gaussian window. We use the synthetic wedge model
to build a relationship template between the instantaneous
frequency (IF) and optimal parameter sets, where the IF is
used as an indicator of the time thickness of seismic traces.
We first calculate the theory TF spectra and IF of synthetic
traces of the wedge model. We then compute the TF spectrum
of each trace using the GST using a set of parameters. We treat
the parameter set, which has the largest similarity between
the computed TF spectrum and theoretical TF spectrum,
as the best parameter set. Then, we can adaptively select the
parameter sets of the GST according to the IF of seismic traces
in the real application. To validate our method, we first apply
the proposed SAGST to noise-free and noisy synthetic traces,
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Fig. 8. IF values extracted from the wedge model at the time index of the
first reflectivity.

Fig. 9. Optimized k (blue star line) and p (red star line) varying with IF
values.

and then use the proposed SAGST to characterize channel
features of real seismic data.

The outline of this paper is as follows In Section II,
we briefly review the theory of the ST and GST. We then
propose the SAGST in detail in Section III. In Section IV,
we give the numerical results and discussions on noise-free
and noisy synthetic traces, in comparison with the proposed
SAGST with the ST, MST, and GST. Furthermore, we apply
the proposed SAGST to field data for characterizing channels
in Section V. Finally, we summarize the conclusion of this
paper in Section VI.

II. S-TRANSFORM AND GENERALIZED S-TRANSFORM

The ST [8] of a signal s(t) is defined as

ST(τ, f ) =
∫ ∞

−∞
s(t)

| f |√
2π

e− (t−τ )2 f 2

2 e−i2π f t dt (1)

where t and f are the time and frequency variables, and τ
denotes the localization of the frequency-dependent Gaussian
window (| f |)/(√2π)e−((t−τ )2 f 2)/(2). Note that the standard
deviation of the Gaussian window is σ( f ) = 1/| f |, which
has an inverse relationship with the frequency variable f .
Therefore, the ST achieves a high-frequency resolution at
low frequencies and obtains a high time resolution at high
frequencies. We rewrite (1) into the frequency domain as

follows:

ST(τ, f ) =
∫ ∞

−∞
S(α + f )e

− 2π2α2

f 2 ei2πατ dα, (2)

where S(α) is the Fourier transform of the analyzed sig-
nal s(t), and α is the frequency variable. Equations (1) and (2)
indicate that there are no parameters to adjust the shape and
size of the Gaussian window. Hence, the ST is not suitable
for the nonstationary signal analysis.

To adjust the Gaussian window of the ST flexibly,
Chen et al. [26] introduced two parameters to control the size
and shape of the Gaussian window and developed a GST. The
modified Gaussian window is expressed as

g(t) = k| f p|√
2π

e− k2 f 2pt2

2 (3)

where k and p are parameters working together to control the
size and shape of the Gaussian window. Fig. 1(a) and (b) illus-
trates the width of the modified widow as a function of k and p
in the time domain and frequency domain, respectively. The
maximum width of the window shown in Fig. 1(a) and (b) has
been normalized to one. Fig. 1(a) indicates that the window
width in the time domain decreases with resolution using a
small k. Fig. 1(b) indicates that the window width in the time
domain increases with a decreasing p. Therefore, we obtain an
improved time resolution using a large p. Then, the GST [26]
is denoted as

GST(τ, f ) =
∫ ∞

−∞
s(t)

|k f p|√
2π

e− (t−τ )2(k f p)2

2 e−i2π f t dt . (4)

Equation (4) indicates that the GST can be reduced to the ST
when we set k = 1 and p = 1. Equation (4) also indicates
that we can optimize the TF resolution by setting the two
parameters set (k, p) properly. We rewrite (4) into frequency
domain as

GST(τ, f ) =
∫ ∞

−∞
S(α + f )e

− 2π2α2

(k f p)2 ei2πατ dα. (5)

Obviously, the modified window function of the GST satisfies
the admissibility condition of the unit area

∫ ∞

−∞
k| f p|√

2π
e− k2 f 2p t2

2 dτ = 1. (6)

The normalization condition guarantees the energy con-
servation and invertibility of the GST. By integrating the
TF spectrum over time axis, the relationship between the
Fourier spectrum of s(t) and the TF spectrum of the GST
is expressed as

∫ ∞

−∞
GST(τ, f )dτ = S( f ), (7)

where S( f ) is the Fourier transform of s(t). Then, the ana-
lyzed signal s(t) is reconstructed by the GST coefficients
simply as

s(t) =
∫ ∞

−∞

∫ ∞

−∞
GST(τ, f )dτd f . (8)
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Fig. 10. Synthetic seismic trace example. (a) Reflectivity. (b) Noise-free trace (blue line) and noisy trace (red line). The added noise in our application is the
Gaussian white noise. The SNR equals 5 dB. There are three reflection sets in this synthetic model. Both the first and second sets contain two reflectivities
with an opposite magnitude of 0.3. The third set contains two reflectivities, both with a magnitude of 0.3. The time thicknesses of the first, second, and third
pairs are 20, 25, and 30 ms, respectively.

Fig. 11. TF spectra of the noise-free and noisy seismic synthetic traces. Noise-free TF spectra calculated by (a) ST, (b) MST, (c) GST, and (d) SAGST,
respectively. Noisy TF spectra calculated by (e) ST, (f) MST, (g) GST, and (h) SAGST, respectively. The parameters for the MST and GST are 1.2, 5 and 1.2,
1.2 in this paper.

III. SELF-ADAPTIVE GENERALIZED S-TRANSFORM

Equations (4) and (5) indicate the possibility of using
the GST to achieve a flexible TF resolution. Fig. 2 shows
the workflow of the proposed SAGST. Our research aims

to obtain the “theory TF spectrum” of seismic traces using
the SAGST and regard the “theory TF spectrum” as the
optimized TF representation of seismic traces. The “theory
TF spectrum” is a function of the time thickness and source
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Fig. 12. Fig. 12. Horizontal slice of 3-D seismic data. Red line: location of
Inline 1720.

wavelet. Note that we present the calculation of the theory
TF spectrum in detail in the Appendix in this paper. Our
workflow consists of three main steps. The first step is building
a relationship between the parameter set of the GST and
the time thickness of the thin layer. The second step is
first finding the relationship between the time thickness and
IF values of seismic traces and then build a relationship
between the parameter set of the GST and IF values. Our
last step is flexibly selecting the proper parameter set of the
GST according to the IF values of seismic traces in the TF
decomposition.

We use the synthetic wedge model to construct our
“theory TF spectrum” template with different time thick-
nesses. We first compute the TF spectrum of the first trace
of the wedge model using different parameter sets (k, p).
We next compute and compare the similarity between the
“theory TF spectrum” and TF spectrum generated using the
SAGST. The parameter set (k, p) with the highest similarity
is regarded as the optimal parameter set for the first trace.
We repeat the same procedure to find the optimal parame-
ter sets for all the traces with different time thicknesses
in the wedge model. In this manner, we build a direct
unique relationship between the parameter set (k, p) and
the time thickness. Note that IF is a function of the time
thickness of the wedge model [30], [31]. We finally use the
IF as an indicator of the time thickness of seismic traces
and choose corresponding optimized parameter set (k, p)
adaptively.

Fig. 3(a) and (b) shows the reflectivity and synthetic wedge
model, respectively. The reflectivity model is comprised of the
reflectivity pair with different time thicknesses. The reflectivity
pair of each trace has the same magnitude with opposite
polarity. The wavelet used to generate the synthetic model is a
40-Hz Ricker wavelet with zero phase. Fig. 3(c) and (d) shows
the instantaneous amplitude (IA) and IF of the synthetic seis-
mogram shown in Fig. 3(b), respectively. Fig. 4 shows the 9th
(blue solid line) and 21st (solid red line) traces of the synthetic
seismogram in Fig. 3(b). The time thicknesses of the 9th and
21st traces are 9 and 21 ms, respectively. Figs. 5(a) and 6(a)
show the theoretical TF spectra of the 9th and 21st traces.
Our next step is finding the parameter set (k, p) from the

user to define the parameter range. Parameter k ranges from
1 to 100 with an increment of 1. Parameter p ranges from
0.01 to 2 with an increment of 0.01. Figs. 5(b) and 6(b)
show the closest TF spectra produced by the GST for the
TF spectra shown in Figs. 5(a) and 6(a), respectively. The
corresponding optimized parameter sets (k, p) for the 9th
and 21st traces are (35, 0.16) and (24, 0.34), respectively.
Fig. 7 shows the optimized parameter set (k, p) varying
with different time thicknesses of the wedge model. The
blue star line in Fig. 7 shows the relationship between the
parameter k and the time thickness of the wedge model.
The red star line in Fig. 7 shows the relationship between
the parameter p and the time thickness of the wedge
model.

Fig. 8 shows the extracted IF values from the wedge model
at the time index of the first reflectivity. Note that we have
a unique relationship between the IF values and seismic
thicknesses if the time thicknesses are smaller than 30 ms.
We conclude that the IF is associated with the seismic
thickness, and the IF values of seismic traces can be used
as the indicator of seismic thicknesses. Fig. 9 shows the
optimized parameter set (k, p) with varying IF values. Finally,
we can properly select the parameter set (k, p) accord-
ing to the IF values in the TF decomposition. In real
applications, we first calculate the 3-D seismic IF volume
using the 3-D seismic data [31]. Then, we select the para-
meter set (k, p) based on the calculated IF volume and
implement the SAGST to the 3-D seismic data. At last,
we use the spectral decomposition of 3-D seismic data
to characterize features of fluvial channels with different
thicknesses.

IV. SYNTHETIC DATA EXAMPLES

To test the effectiveness and stableness of the proposed
SAGST, we first apply it to noise-free and noisy synthetic
traces. Fig. 10(a) shows the reflectivity, and Fig. 10(b) shows
the noise-free (blue line) and noisy (red line) synthetic trace.
The added noise in our application is the Gaussian white noise,
and the SNR is 5 dB. There are three reflection sets in this
synthetic trace. The first and second sets contain two reflection
coefficients with an opposite magnitude of 0.3. The third set
contains two reflection coefficients with the same magnitude
of 0.3. The time thicknesses of the first, second, and third
pairs are 20, 25, and 30 ms, respectively. We use a zero-phase
40-Hz Ricker wavelet to generate the synthetic trace, indicated
by the blue line in Fig. 10(b). To illustrate the advantages
of our method, we compare the TF spectra computed using
the ST, MST [27], and GST [26] in synthetic testing. The
parameters for the MST and GST are (1.2, 5) and (1.2, 1.2)
in this paper. Fig. 11(a)–(d) shows the noise-free TF spectra
calculated by the ST, MST, GST, and SAGST, respectively.
Unfortunately, the TF spectrum calculated by the ST is
smeared to a certain degree for all the reflection pairs. The
TF spectra calculated by the MST and GST almost distinguish
the third pair. The TF spectrum computed using the SAGST
distinguishes all three pairs clearly. Fig. 11(e)–(h) shows
the TF spectra of the noisy synthetic trace calculated by
the ST, MST, GST, and SAGST, respectively. Note that the
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Fig. 13. Constant frequency slices at horizon T0. The 40-Hz horizon slices calculated using (a) ST, (b) MST, (c) GST, and (d) SAGST, respectively. Green
and blue arrow: channels with different thicknesses.

SAGST is still superior to the other methods in the thin
bed identification in a noisy environment. Both noise-free
and noisy synthetic seismic examinations illustrate that the
SAGST is superior to the ST, MST, and GST in detecting thin
beds.

V. OFFSHORE SEISMIC DATA

To further demonstrate the superiority of the proposed
SAGST, we compare the capability of channel detection
using TF spectra computed using different TF methods. The
seismic survey used in this paper is located at the Yellow
River delta area of Bohai Bay Basin, east of China. The
depositional settings of the primary reservoirs (the Middle
Miocene Minghuazhen Formation) are dominated by stacked
fluvial channels and delta systems in several depositional
cycles [32], [33]. These depositional facies make seismic
interpretation and reservoir characterization of this field very
difficult. Therefore, we apply TF algorithms to illustrate more
depositional details of the stacked fluvial channels.

The 3-D seismic data used in this paper are a cropped
seismic volume. The Inline number ranges from 1500 to 1850,
whereas the Xline number ranges from 1000 to 1500. The
sample rate of the seismic data is 2 ms. Fig. 12 shows the

horizontal slice of the 3-D seismic data at the horizon T0. The
red line indicates the location of Inline 1720. There is a well
located at Inline 1720, indicated by the dark spot. The fluvial
channels are difficult to follow on the horizon slice of seismic
data shown in Fig. 12. Fig. 13(a)–(d) shows the 40-Hz spectral
slices calculated using the ST, MST [27], GST [26], and the
proposed SAGST, respectively. Note that the parameters for
the MST and GST are (1.2, 5) and (1.2, 1.2) in this paper,
respectively. The spectral component computed using the ST
cannot characterize the channels due to its low TF resolution.
The MST and GST improve the TF resolution and characterize
the channels more clearly than the ST. However, the SAGST
describes the channels with different thicknesses more clearly
and continuously than the other three TF algorithms. The
green arrows indicate a narrow and continuous channel at this
seismic area, whereas the blue arrows indicate the edges of
the channels with different thicknesses. The blue rectangle
indicates superimposed channels in the seismic area.

We further use the red-green-blue (RGB) blending technique
to characterize channel edges by combining three spectral
components together into one map [33], [34]. Fig. 14(a)–(d)
shows the RGB blending images of the 20-, 40-, and 70-Hz
spectral slices calculated using the ST, MST, GST, and the
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Fig. 14. RGB blending images using the 20, 40, and 70-Hz spectral components. RGB blending images calculated using (a) ST, (b) MST, (c) GST, and
(d) SAGST, respectively. Three yellow arrows with labels A, B, and C indicate three distinct channels located at Inline 1720.

Fig. 15. 2-D seismic data at Inline 1720.

proposed SAGST, respectively. All RGB blending images
highlight the distribution of wide channels. However, the RGB
blending image produced using the SAGST is superior to
those calculated using the ST, MST, and GST in char-
acterizing the channel edges indicated by the red arrows.
The continuous channel indicated by the white arrows
in Fig. 14(d) is more continuous than those in Fig. 14(a)–(c).
The three yellow arrows with labels A, B, and C indicate
three distinct channels with different thicknesses, located at
Inline 1720.

To better view the optimized TF resolution, we compare
the decomposed frequency components on a 2-D vertical

seismic section with Inline number 1720, indicated by red
lines in Figs. 12 and 14. Fig. 15 shows the 2-D seismic data of
Inline 1720. The blue curve in Fig. 15 denotes the horizon T0.
Fig. 16(a)–(d) shows the 40-Hz spectral components calculated
using the ST, MST, GST, and SAGST, respectively. The
blue lines in Fig. 16 are the horizon T0, whereas the green
curves in Fig. 16 are the gamma curves. The gamma curves
demonstrate that the depositional settings of the primary
reservoirs are dominated by the stacked fluvial channels and
delta systems in several depositional cycles. In addition, three
green arrows with labels A, B, and C indicate three distinct
channels at this vertical seismic section, which are indicated by
the yellow arrows with labels A, B, and C in Fig. 14. Note that
we have smeared channel features in Fig. 16(a). The MST and
GST highlight the channels due to its improved TF resolution.
Obviously, the SAGST characterizes the edges of the chan-
nels more clearly than the ST, MST, and GST. Furthermore,
the channel features highlighted by SAGST are more continu-
ous than those calculated by the ST, MST, and GST. The field
data applications demonstrate the effectiveness of the proposed
SAGST in characterizing the edges of channels with different
thicknesses.
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Fig. 16. 40-Hz spectral components for Inline 1720. The 40-Hz spectral
components calculated using (a) ST, (b) MST, (c) GST, and (d) SAGST,
respectively. Blue line: horizon T0. Three green arrows with labels A, B,
and C indicate three distinct channels at this vertical seismic section, which
are indicated by three yellow arrows with labels A, B, and C in Fig. 14.

VI. CONCLUSION

In this paper, we propose an SAGST to optimize the TF
representation of seismic traces. We use two parameter sets to
achieve an optimized TF spectrum calculated using the GST.
We first build the relationship between the parameter set (k, p)
of the GST and seismic thickness using a synthetic wedge
model. We then select a parameter set flexibly using the IF
values of the seismic trace. The testing on noise-free and noisy
synthetic traces demonstrates the effectiveness and stableness
of the proposed SAGST in optimizing the TF resolution of
analyzed signals. The field data further show that the pro-
posed SAGST characterizes features of fluvial channels with
different thicknesses more clearly and accurately, especially
fluvial channel edges.

This paper presents a novel workflow to select parameters
of TF algorithms with parameters adaptively. The proposed

SAGST achieves an improved TF representation with a high
TF resolution. In the future, we can generalize the proposed
workflow to other TF algorithms with adjustable parameters
easily and apply them to seismic TF analysis. Note that the
calculation time of the proposed SAGST is several times of
the GST. Hence, we aim to improve the calculation efficiency
of the proposed SAGST for further research.

APPENDIX

CALCULATION OF THE THEORY TIME–
FREQUENCY REPRESENTATION

A true joint TF distribution F(t, ω) must satisfy the follow-
ing two fundamental marginal requirements for the analyzed
seismic signal s(t), defined in (A1) and (A2)∫ ∞

−∞
F(t, ω)dω = |s(t)|2 (A1)

∫ ∞

−∞
F(t, ω)dt = |S(ω)|2 (A2)

In this paper, we introduce the positive distribution function
to calculate the theory TF representation [31]. We first denote
the analyzed seismic signal as s(t) and its Fourier spectrum as
S(ω). The positive distribution of the seismic analyzed signal
is then defined in (A3)

F(t, ω) = |s(t)|2|S(ω)|2{1 + cρ(x(t), y(ω))} (A3)

where c is a numerical constant and must be in the range
{−1/ l2 ≤ c ≤ 1/ l1}. l1 and l2 are the absolute minimum and
maximum of ρ(x(t), y(ω)). In addition, we have

ρ(x(t), y(ω)) = h(x, y) − h1(x) − h2(y) + 1 (A4)

x(t) =
∫ t

−∞
|s(t ′)|2dt and y(ω)=

∫ ω

−∞
|S(ω′)|2dω

(A5)

where h(x, y) is any positive function of the variables x and
y in the unit square {0 ≤ x, y ≤ 1} and normalized to one.
h1(x) and h2(x) are the margins of h(x, y), defined in (A6)

h1(x) =
∫ 1

0
h(x, y)dy and h2(y) =

∫ 1

0
h(x, y)dx (A6)

In the following, we aim to prove that the proposed positive
TF distribution in (B3) satisfies the marginal requirements
in (A1) and (A2). We first generate the analytical seismic
signal sa(t) of the analyzed seismic signal s(t). The analytical
seismic signal sa(t) is defined in (A7)

sa(t) = sR(t) + i sI (t) (A7)

where sR(t) = s(t) and sI (t) = Im[sa(t)] = H [sR(t)] =
(1)/(π)

∫ ∞
−∞ (sR(τ ))/(t − τ )dτ . Then, we have

∫ ∞

−∞
F(t, ω)dω

= |sa(t)|2
∫ ∞

−∞
|Sa(ω)|2{1 + cρ(x, y)}dω

= |sa(t)|2+c|sa(t)|2
∫ ∞

−∞
|Sa(ω)|2ρ(x, y)dω (A8)



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

10 IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING

where Sa(ω) is the Fourier spectrum of the analytical seismic
signal sa(t) In addition, we have
∫ ∞

−∞
|Sa(ω)|2ρ(x, y)dω =

∫ 1

0
ρ(x, y)dy

=
∫ 1

0
[h(x, y)−h1(x)−h2(y)+1]dy

= h1(x) − h1(x) − 1 + 1

= 0 (A9)

Substituting (A9) into (A8), we obtain (A1) easily. Similar
for (A2).
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